A method of synthetic kernel approximation is examined in some detail with a view to simplifying the treatment of the elastic moderation of fast neutrons. A sequence of unified kernel {fN} is introduced, which is then divided into two subsequences {Wn}-and {Gn} according to whether N is odd (Wn=f2n-1, n=1,2,..) or even (Gn=f2n, n=0,1.. The W1 and G1 kernels correspond to the usual Wigner and GG kernels, respectively, and the Wn and Gn kernels for n>=2 represent generalizations thereof.
It is shown that the Wn kernel solution with a relatively small n(>=2) is superior on the whole to the Gn kernel solution for the same index n, while both converge to the exact values with increasing n. To evaluate the collision density numerically and rapidly, a simple recurrence formula is derived.
In 
I.INTRODUCTION
This paper deals with the space-and timeindependent neutron slowing down problem. To solve this problem accurately, a number of analytical as well as numerical approaches have been attempted in the past by many authors. Analytical approaches, however, have been found difficult to apply except to simple cases : The exact analytical solutions are only obtained under severe restrictions on cross sections (1) .
As for numerical approaches, Rowlands has used a finite difference method (2) storage and are moreover usually time conTiming. These circumstances bring into relief the utility of seeking methods that enable rapid and accurate evaluation of the solution. Some years ago, Yamamura et al. proposed a method of generalized synthetic kernel approximation (SKA) yielding a sequence of generalized Greuling-Goertzel (GG) kernelswhich they named Gn kernels(6), n=1,2,..for the elastic scattering of neutrons. While these G_n kernels could, in principle, be used to obtain any degree of accuracy, no detailed examination appears to have been conducted so far on this aspect.
In the present paper we shall study the generalized SKA in some detail for the case of isotropic elastic scattering. We shall obtain a unified kernel that includes the Wigner(7), GG (8) , and the above mentioned Gn (which we shall hereafter call the "previous Gn") kernels as special cases. The purpose of this paper is, then, (1) to describe the general properties of the unified kernel, (2) to demonstrate the usefulness of the generalized SKA, particularly for numerical treatment of the neutron spectrum. For this purpose, a simple recurrence formula will be introduced, which allows rapid evaluation of the solution, and permits calculation with relatively coarse mesh in the asymptotic lethargy region, where ha<=0.05 at least.
In Chap. II , a sequence of unified kernels {fN} is introduced which applies the continuedfraction-expansion technique to the Laplacetransformed scattering kernel f(e). This sequence is then divided into two subsequences {Wn} and {Gn} according to whether N is odd (Wn=f2n-1, n=1,2,..) or even (Gn=f2n, n=0,1,..). Chapter III deals analytically with the Placzek function, with use made of these kernels, followed by Chap. IV which demonstrates the usefulness of the present method with numerical examples.
II. DERIVATION OF GENER-ALIZED WIGNER AND GG (Gn) KERNELS
The fundamental equation for the collision klensity p(u) is
where the lethargy u=ln(E0/E) with a source energy E0, hs(u)=Ss(u)/St(u) is a relative probability of neutron scattering, and the scattering kernel f(u-u1) is
Here a=(A-1)2/(A+1)2, e=ln(a), and A= M/mn is a nucleus-to-neutron mass ratio. The Laplace transform of Eq. (1) is
The problem we are to solve in this paper is to derive a synthetic kernel fN(u-u1) satisfying the following conditions :
(a) The kernel is a sum of exponential functions and/or a delta function with N+1 coefficients. This condition is introduced by analogy with the form of the Wigner and GG kernels. (b) Since up-scattering is absent, fN(u-u1) =0 for u<u1.
(c) The transition probability is conserved, i.e. holds up to k=N-1, so that fN(u-u1) still satisfies the condition (c).
In the Laplace transformed space, these conditions correspond to :
(a') The kernel fN(e) being given by a rational fraction of e that is constant at infinity (e=oo). (Here fN(e) with P-1(e)=P0(e)=1. The N+1 unknowns {P(N)k,q(N)k} (or ak) are constants to be determined so that Eq. (10) holds. As a matter of course, if such unknowns {pvn,qV)} (or ak) exist, then fN(e) satisfies the conditions (a'), (c') and (d').
We now determine P(N)k and q(N)k by using Eqs. (10) and (12). After inserting Eq. (12) into Eq. (10) and canceling the denominator, then comparing the coefficients of the same power of e (<=N) on both sides, we obtain a system of linear equations for the unknowns P(N)k, and q(N)k :
The necessary condition for obtaining a unique solution of Eqs. (15) Comparing the coefficients of ƒÅn on both sides of the recurrence relation (14) and noting E q. (20c), the unknowns ak are given by Expanding these two equations into power series of 1/A with the aid of Eq. (17), and neglecting the terms of order higher than 1/A3, we obtain the approximations
The validity of these approximations will be numerically examined by comparing them with the exact ak, k=1, 2.., for A=9 and A=56 (Table 1) . Using these approximations (22) and the truncated S-fraction (11), it is proved in Appendix 2 that all the poles of f fN(e) lie in the left half-plane, i.e. the condition (b') holds. Consequently, fN(e) satisfies all the conditions (a') to (d'). (9)), fN(ƒÅ)) converges uniformly to f(e) over every finite closed region.
We are now ready to obtain fN(u-u'). As PN(e) and QN(e) are the polynomials of degree n(=[(N+1)/2]) and N-n(=[N/2]), respectively, the form of f N(e) changes according to whether N is odd or even when it is expanded into partial fraction.
We shall denote f27,-1(>7) by Wn(e) and f2n(e) by Gn(e)). If all the poles of fN(e) are simple, say -zn,k, k=1,..,n when N=2n-1 and -zn,k, k=1.., n when N=2n, then
For particular values associated with Eqs . (20a) and (20b),
The values of these parameters an ,k, zn,k, bn,k, xn,k, and rn, have been numerically evaluated for oxygen with the results as listed in Table  2 . It was found that all poles of fN(e) form complex pairs (except one real pole for odd n) . The first column in this table gives the values of zn,k, (or xn,k,) which lie in the upper halfplane, while the coefficients ƒ¿n,k (or bn,k,) related to these zn,k, (or xn,k,) are listed in column 2. Since f N(Y)) satisfies all the conditions (a') to (d'), we can obtain the synthetic kernel IN(u-u') (i.e. the Wn and Gn kernels) by Laplace inversion of Eqs. (23) : from the above that the W, and G, kernels correspond to the Wigner and GG kernels, respectively*. Thus, the W,, and G, kernels with n>=2 can be considered to represent generalizations of the Wigner and GG kernels, respectively.
APPROXIMATE CALCULATION OF PLACZEK FUNCTION
In a case where the external source is monochromatic, it is very difficult to obtain with the SKA method an accurate collision density (i.e. the Placzek function) in the transient lethargy region (u <2E), on account of the m-th derivatives of the collision density possessing discontinuities at u=je, j=1, 2, ••• , (m+1). In this chapter, we shall show that, even in such a case, the present SKA method (especially the IV" kernel approximation) can yield the collision density in quite good approximation by treating exactly solely the scattering at the source energy. For this, an approximate collision density ON(n) will be obtained analytically by using the kernel f,v(u-u') for the case of a monoisotopic medium with constant cross section.
Replacing /(r7) in Eq. ( 3 ) Since the denominator in the above equation is a polynomial of 77 of degree n (=[(N+1)/2)], it has n zeros. Supposing that all these zeros are simple, say -er, k=1, 2, ••• , n, then expansion of Eq. (27) into partial fraction yields
Here the last equality in Eq. (29b) is obtained by making use of the relations fiv(00)=0 for N=2n-l and =r7, for N=2n. These parameters ekN), d$/" and c, are numerically evaluated for oxygen in the case of ha=0 .25, where ha-=1-hs. The results are given in * The Go kernel is that used in the infinite -mass approximation, while the "previous G," kernel corresponds to the present G•n-F1 kernel because it was derived by letting N=.4n+ 2 in Eq . (12). and =0.25. It is seen in this figure that the Gn, kernel solution (p2a(u)) oscillates with an amplitude greater than in the case of the Wn, kernel solution (p2n-1(u)). Since the scattering at the monochromatic source energy is also treated by the synthetic kernel, the solution (Eq. (30)) becomes erroneous for small lethargies (u,._E), because fN(u) cannot be the same as f(u) for every lethargy point, though it is still quite close to f(u) in average values such as for the moments.
In other words, if we express the solution (Eq. * An exception is one which is real when n is even, or also all poles are complex in the case of the W2 and G2 kernel approximations for strong absorption (ha>=0.75). we see that the difference between f(u) and f N(u) at each lethargy point directly influences that between p(u) and pN(u), on account of the second terms in these series. These second terms represent the collision density of the neutron that has experienced a collision at the monochromatic source energy. Consequently, if we treat exactly the scattering at the source energy (which means to replace the bracketed terms in Eq. (31) by exact terms), the solution will be greatly improved.
Let gy, i.e. by replacing the delta source with the smoother hs(0) f(u)* ; (2) the Wn kernel solution p2n-1(u) converges to the exact value with increasing n more rapidly than does the Gn kernel solution p2n(u). Indeed, even though the W1 kernel solution is inferior on the whole to the G1 kernel solution, the W2 kernel solution is, on the other hand, superior (on the whole) to the G2, kernel solution and is already in good agreement with the exact value (relative error within a few percent).
The lethargy moments agree with the exact Tk up to k=2n with the Gn kernel, and only up to k=2n-1 with the Wn, which would appear paradoxical in the face of the superiority shown by the Wn over the Gn kernel in respect of convergence property.
This paradox may be ascribed to the relatively slow convergence to zero shown by the coefficient m of the delta term in the Gn kernel, in contrast with the quite rapid convergence of the moment T2n
Here Eq. (35) is derived by inserting Eq. (17) into Eq. (22c), while Eq. (36) is given in Appendix 1. The delta term in the Gn kernel represents an unphysical scattering, so that the Gn kernel becomes inferior to the Wn kernel at relatively small numbers of n. As n->oo, on the other hand, both Wn(e) and Gn (e) converge to f(e), and such inferiority of the G, to the Wn kernel becomes negligible, meaning that, with sufficient large n, either of these kernels can equally well yield accurate solutions even in the transient lethargy region of the Placzek function.
IV.NUMERICAL TREATMENT
Using the kernel fN(u-u'), the range of integration of the collision integral term (=Suu-e f(u-u')hs(u')p(u')du') becomes [0,u] i.e.
independent of e. Hence the present SKA will make it possible to evaluate the collision density pN (u) directly and numerically with a mesh width Du independent of-and possibly coarser than-e.
And the benefit of this dissociation from e should make itself felt particularly strongly in the case of a medium composed of many isotopes.
We shall begin by giving a simple recurrence formula for pN(u).
We consider, for simplicity, the case of W1 kernel approximation, i.e.
For simplicity, let Du be an arbitrary but constant lethargy mesh width. Since p(u) oscillates around the exact value (if N is sufficiently large) it will be highly practical to define an average value at each lethargy mesh point :
Reversing the order of integration of the second term in the above equation, we obtain Inserting these approximations (40) into Eqs.
* If a fission spectrum is used as external source and if the medium is monoisotopic and absorption-free, then, even the W1 (Wigner) kernel approximation gives results with an error of at most 15% for all masses (A>=1)(10). This would suggest that, for a weak absorption, the above recurrence formula with arbitrary coarse Du should provide good asymptotic values. Table 4 shows the dudependence of the values <p9>k/<pexact>k at u=20e for several absorption ratios in case of oxygen. It is seen from this table that the asymptotic values are almost independent of D u for ha ?? 0.05 and is in quite good agreement with the exact values, whereas for ha >= 0.1 and Du>=e/2, the results are poor. This is mainly due to the large discrepancies seen between the solutions obtained by the exact and the present methods in the transient lethargy region.
In other words, since it is quite difficult to obtain an accurate transient behavior of the solution by calculations with such a large Du, the exact number of neutrons absorbed in this lethargy region also should differ significantly in heavier absorbing media-from that predicted by using the recurrence formula with large Du, and this difference will not diminish with increasing lethargy.
For example, the number of neutrons absorbed in the first collision interval in the case of A=16 and ha-=0.2 is 0.455 (source intensity normalized to unity), while that predicted by using the recurrence formula (41) (i.e. W, kernel approximation) with Du=e is 0.373, and this is what impairs the accuracy of the solution obtained by the present method. Consequently, if we apply the present recurrence formula with large Du only to the asymptotic lethargy region, the accuracy of the formula will be more independent of Du than predicted by this table.
Since the absorption is usually small in moderators (which would make the collision density a smooth function of lethargy outside the resonance regions), this dissociation from Du should have high practical utility.
To demonstrate the accuracy of this recurrence formula in the transient lethargy region, approximate Placzek function were evaluated for oxygen, both analytically and numerically.
The analytical values were obtained with Eq. (30), and the corresponding numerical quantities by using the recurrence formula with Du ?? e/10.
The results are presented in Fig.4 , where the large peaks at u=0 of the numerical curves, seen rising above the frame of the graph, are due mainly to the direct contributions of the delta source, while for u>=1/2Du, the numerical results are almost equivalent to (or sometimes better than•) the analytical values. Hence we can conclude that : (1) For a calculation in the transient lethargy region, a mesh width of order e/10 is sufficiently small for evaluating the approximate collision density pN with an accuracy almost equal to that obtained analytically. (2) In the asymptotic region excluding the resonance zone, the present recurrence formula yields sufficiently accurate results with a relatively coarse mesh width Du whenever ha<=0.05. Beside these two, the recurrence formula possesses other features of practical value which are : (3) Possibility of rapid evaluation of the solution, as we shall see later. (4) calculation. This is due to the fact that <pN>k k is wholly determined by using only <hs >k and Ik-1.
Thus it is not necessary for the computer to store all the previous values <pN>j , <ha>j, j=0,..k-1 and Ij, j=0, k-2.
We now apply the present recurrence formula to some calculations in the resonance regions.
Case (1) : Calculation of resonance integrals in 1 : 1 mixture of hydrogen and 238U To obtain the resonance integrals in a U-H medium, we first evaluated the approximate collision density pN by the recurrence formula with Du=eU/10 ( ?? 0.0017) from 99.5 to 4.8 eV (i.e. 1800-group calculation) (Fig.5) .
The average scattering probabilities <hs>k were evaluated at each lethargy point by using the tabulated values of cross sections taken from KFK-iso for 2s8U and BNL-s2s for hydrogen. The computing time required for the above l800-group calculation was about 1.5 sec.*, and was practically independent of the order of approximation ; the difference in required computing time between calculations with the W1 and W7 kernel approximations was only 0.05 sec. Figure 5 shows the collision density thus obtained.
The curves obtained with small n oscillate around those from large n, but the oscillations are too small to be described in this figure. Using pN, the values of (1-p) (=Sha(u')pN(u')du were evaluated for some of the lower resonances of 238U ( Table 5 ). The solutions by the present method were obtained by numerical integration over finite energy range of twice the practical width p, where every was evaluated by using the tabulated data (Table U8- Table 5 are cited from  Table 9 .3 in Ref. (7) (Fig.6) .
The level spacing between these resonances is 0.1087 (in lethargy unit), while the average lethargy gain per collision is about 0.157. The cross sections were taken from KFK-750. For comparison, the SUNSON-II (3) code was used to obtain the exact solution.
Since the SUNSON-II code is available only within the first several collision intervals of the medium below the source energy(5), we inserted a monochromatic external source at 123 keV, and evaluated the collision density up to 52 keV with Du=eU/3 (=0.005) (i.e. 168-group calculation). The time required for computation was about 1.2 sec for the exact solution, while with the present method, it was only about 0.4 sec, and almost independent of the order of approximation.
The insertion of the monochromatic source at 123 keV (and treated directly) presented a problem that was quite difficult for the present SKA method, in that the resonance at 82.5 keV lay in the second collision interval of oxygen, which prevented extinction of the Placzek wiggle in this reso- Case (3) : du-dependence of asymptotic values after a scattering resonance in composite medium It has been shown that, in an isotopic medium with a constant cross section, the D u-dependence of asymptotic values is quite small whenever ha<=0.05. To show that the above property also holds in a composite medium, we evaluated the collision density in a 1 : 1 mixture of Na and C. A cross section for C was set to be constant (ss=st =4.7 barn), while that for Na was obtained from KFK-750.
Using these cross sections, <hs>k was evaluated for each lethargy point. We inserted a delta source at 10 keV and examined the Du-dependence of the collision density from a point immediately below the Na resonance at 2.84 keV to 34 eV. A constant mesh width Du was adopted throughout Vol.12, No.12 (Dec. 1975) 753 the whole energy region from 10 keV to 34 eV. The numerical examples covering the three cases examined above can be considered to assure that the present recurrence formula allows a notably rapid and accurate evaluation of the solution, for the following three reasons : (1) As seen from case (1), the time required for computation by the present method is almost independent of the order of approximation. This means that with this method the computing time is mainly devoted to evaluating (hs>k. (2) Even for a problem that is quite difficult for the SKA method as is the case (2), the present method provides a solution that converges rapidly to the exact values with increasing order of approximation. (3) The results obtained with case (3) prove that the present method yields amply accurate solutions from calculation with a relatively coarse mesh width ƒ¢u, which further reduces the time required for evaluating the solution obtained with the present method.
V.CONCLUDING REMARKS
We have presented a unified kernel IN (u-u') derived by truncating the S-fraction of f(e).
The symbols Wn or Gn have been adopted to designate this kernel according to whether N is odd (Wn=f2n-1, n=1,2,. .) or even (Gn=f2n, n=0,1,..) .
These kernels represent generalizations of the Wigner and GG kernels, respectively.
The Wn kernel provides a solution that, with increasing n, converges more rapidly to the exact values than is the case with the G, kernel.
For numerical calculations, a simple recurrence formula is derived which allows :
(1) Calculation with relatively coarse mesh width in the asymptotic region (except near resonances) so long as ha<=0.05. For calculations in the transient lethargy region, a mesh width of order s/10 is sufficiently small to evaluate the approximate collision density pN with an accuracy comparable to that (pN) obtained analytically.
(2) Rapid evaluation of the solution. The time required for computation by the present method is almost independent of the order of approximation. Evaluation of the collision density obtained on the problem that is quite difficult for the SKA method permits us to conclude that : (3) With the present method, an order of approximation of about 7 should yield a practically correct solution. Suppose that the real part of the right-hand side of (A10) is positive definite for some values of y(=Re(Z)) and for all values of xj, j =1,2,.. , n where Snj=1xj2>0, the P*n(Z), i.e. The truncated S-fraction f2n(e) can be rewritten in terms of the equivalent continued fraction where b*1=a2j-1+a2j and a*2j=-a2ja2j+1, which are Since b*1>b*2>..>b*n>0 and a*j is real, we can develop a discussion similar to the case of N-=2n-1.
This leads finally to the result that : All the zeros of P2n(e) lie in the region
